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Abstract—Building trustworthy AI systems requires robust and
mechanically transparent explainability methods. Although coun-
terfactual explanations effectively provide ‘what-if’ scenarios,
their inability to reveal the underlying decision mechanisms in
neural networks often limits their reliability. This paper intro-
duces Counterfactuals via Higher-Order Relational Derivatives
(CHORD), a novel framework that bridges the gap between
sensitivity analysis and counterfactual generation. Unlike tradi-
tional first-order methods, CHORD utilizes higher-order partial
derivatives to explicitly quantify feature interactions, mapping
the complex non-linear dependencies that drive the outputs of
a neural network. We demonstrate on the UCI Adult Income
and UCI Bank Marketing datasets how this interaction-aware
analysis can guide the generation of counterfactuals by targeting
groups of coupled features, rather than isolated inputs. It was
observed that using CHORD, if the value of the most impactful
feature (based on the highest second-order partial derivative) is
increased, a lower value of the most impactful feature (from the
first-order sensitivity analysis, based on partial derivatives) is
required to change the output. Crucially, our experiments show
that prioritizing these interactions moves beyond simply finding
a valid recourse to understanding the structural mechanisms
that enable the switching of predictions. This synthesis results in
explanations that are actionable, mechanistically interpretable,
and mathematically grounded in the curvature of the network,
thereby significantly enhancing AI transparency.

Index Terms—Explainable AI, Sensitivity Analysis, Feature
Interactions, Higher-order Partial Derivatives, Counterfactual
Examples

I. INTRODUCTION

The increasing deployment of complex machine learning
(ML) models, particularly deep neural networks, in high-
stakes decision-making has amplified the need for robust
interpretability and transparency. Traditional explainable AI
(XAI) methods often focus on post hoc explanations, providing
insight into the decisions of a neural network after they are
made [1]. A prominent and psychologically intuitive class of
these methods is counterfactual explanation, which addresses
the “what-if” question: “What would have to change in the
input for the prediction of a model to change to a desired
outcome?” [2], [3]. These explanations are particularly pow-

erful because they provide actionable recourse for individuals
affected by algorithmic decisions, such as a loan applicant who
must learn what to change in their profile to get approval [1].

Although counterfactuals offer a compelling form of ex-
planation, their generation and analysis present significant
challenges. The core objective of this research is to explore
the application of higher-order partial derivatives, or sensi-
tivity analysis, to systematically study counterfactual exam-
ples within neural networks by using a novel framework
named CHORD shown in Figure 1. This approach seeks to
move beyond simply identifying a counterfactual instance to
understanding the mechanisms that govern its creation. By
analyzing the partial derivatives of the output of the model
with respect to its inputs and their interactions, we can quantify
the influence of each input feature on the final prediction. This
quantitative measure of impact can then be leveraged within a
counterfactual framework to investigate how targeted changes
in the most sensitive inputs propagate through the network
to alter the final decision. The ultimate goal is to establish
a robust method for evaluating and generating counterfactuals
that are not only valid but also causally informative and robust
to perturbations. Also, this study will help us to understand
the non-linear behaviour of neural networks in a little more
depth. By integrating sensitivity analysis, we can identify
which features are truly “critical” for the prediction of a
neural network and, conversely, which features can be altered
without altering the outcome [4]. This synthesis will provide
a powerful tool for developing more reliable, transparent, and
trustworthy AI systems.

Concerning CHORD, first, a neural network (M1) is trained
(given any tabular dataset), and the first-order partial deriva-
tives (Jacobian matrices) for all rows in the test dataset are
generated. The test dataset is used because it is unseen data
and can help in better study of the explainability of the neural
network. Now, the framework will go from one row to another
and pick the features with the highest positive and negative
first-order partial derivatives (most impactful features). Note
that the highest negative partial derivative is the one which



Fig. 1: High-level view of the proposed CHORD framework

has the highest absolute value (with the negative sign). Both
positive and negative partial derivatives have been considered,
so the impact of the direction of the partial derivative can also
be studied.

The logic behind the study of first-order sensitivity analysis
is that concerning a feature with the highest positive partial
derivative, the output should switch in a directly proportional
manner with respect to the change in the value of the feature.
For a feature with the highest negative partial derivative, the
switching of the output should be in an inversely proportional
manner with respect to the change in the value of the feature.
The required percentage change in the most impactful feature
(required for switching the output) will be noted for each data
point after passing the relevant datasets through M1 again.

The feature interactions are studied by finding the most
impactful features (through second-order partial derivatives
or Hessians) and changing them (per row of the dataset) by
1% and 5% (as per the experiments in Section III). Then,
by keeping that feature at the percentage change of 1% or
5%, it is observed whether the output can be switched at a
lower percentage change of the most impactful feature (based
on the first-order partial derivative) as compared to first-order
sensitivity analysis. The experiments around the CHORD
framework are discussed in detail in Section III while the
literature review, around sensitivity analysis and counterfactual
examples, is done in Section II. The paper is concluded with

some future research directions in Section IV.

II. LITERATURE REVIEW

The field of XAI is dedicated to developing methods to
understand and interpret complex ML models, particularly
opaque “black-box” systems [4]. Post hoc explanations, which
provide insight after a model has made a prediction, are a
central focus of this research [1]. Counterfactual explanations
(CFEs) are a particularly intuitive form of post hoc expla-
nation rooted in human causal reasoning, providing ‘what-if’
scenarios that describe the minimal changes to an input that
would alter a model’s prediction. The foundational gradient-
based recourse proposed by Wachter et al. [5] and the work by
the authors of [2] framed this problem as an optimization task,
utilizing gradient descent to minimize the distance between
the original and counterfactual instance while ensuring that
the output of the model flipped to the desired class.

However, this approach (mostly distance-minimizing) has
been criticized for not adequately considering other crucial
properties. Subsequent research has expanded on this foun-
dational work by incorporating additional desirable properties
into the optimization process. These include diversity (pro-
viding multiple distinct counterfactuals), proximity (ensuring
counterfactuals are close to the original instance), sparsity
(making changes to as few features as possible), and feasibility
or actionability (ensuring changes are practical and adhere to



real-world constraints) [1], [6]. For instance, a counterfactual
that suggests changing one’s race to get a loan is not action-
able, while changing one’s income might be [3], [7].

The work of [1] proposed the Diverse Counterfactual Ex-
planations (DiCE) framework, which explicitly optimizes for
diversity in addition to proximity, arguing that a single coun-
terfactual is often insufficient for human understanding. Simi-
larly, the study on collective counterfactual explanations by [2]
introduced a novel mathematical optimization framework to
find explanations for a group of instances, demonstrating how
this approach can identify critical features of an entire dataset.
These advancements highlight a shift in the field towtoward
generating richer and more context-aware exlanations.

A. The Role of Sensitivity Analysis and Derivatives

While foundational CFE optimization methods rely on first-
order gradients to find the shortest path across a decision
boundary [2], [3], [5], the application of higher-order par-
tial derivatives, or sensitivity analysis, provides a direct and
quantitative method for understanding the relationship between
inputs and outputs in a differentiable model. In the context of
neural networks, the gradient of the output with respect to
an input feature can be used as a measure of the importance
of that feature, indicating how a small change in that input
affects the prediction of the model [8]. This is a foundational
concept in adversarial examples, where tiny, imperceptible
perturbations are crafted to cause a misclassification [4].

This same principle can be inverted and applied to coun-
terfactual analysis. Unlike traditional first-order methods, the
proposed CHORD framework aims to not only study and
connect higher-order sensitivity analysis and counterfactual
examples efficiently but also contributes to mechanistic inter-
pretability (by proper emphasis on the study of the nonlinearity
of neural networks). It calculates the first-order and second-
order partial derivatives of the output of a neural network with
respect to its input features. In this way, the sensitivity of the
prediction to each feature (and interactions) can be quantified.
In a counterfactual scenario, where the objective is to flip a
prediction, these derivatives can be used to identify the most
efficient route across the decision boundary. Specifically, it
can be determined which input feature, if changed minimally,
would have the greatest impact on the output score. This ap-
proach goes beyond purely distance-based or random methods
by directly leveraging the internal mathematical structure of
the neural network.

Furthermore, analyzing the sensitivity of a model in coun-
terfactual space has implications for other areas of XAI. For
example, in mechanistic interpretability, where the goal is to
reverse-engineer the internal workings of a neural network,
sensitivity analysis can be used to explore how changes to
specific features or “circuits” within the network propagate
and influence the final output. The paper by [9] introduces
a framework for analyzing the sensitivity of counterfactuals
to parametric assumptions, a problem analogous to the use
of derivatives to explore the local behavior of a function
(responsible for generating the output of a model). Their work

demonstrates the importance of moving beyond single-point
estimates to analyze the robustness of model outputs under a
range of conditions, a principle that is directly relevant to using
derivatives to explore the sensitivity of a neural network. By
integrating these quantitative methods, this research aims to
provide a more rigorous and reliable basis for both generating
and validating counterfactual explanations.

III. COUNTERFACTUALS VIA HIGHER-ORDER
RELATIONAL DERIVATIVES (CHORD)

To find the connection between higher-order sensitivity
analysis and counterfactual examples, the testing is initiated
with first-order partial derivatives. It is well-known that first-
order partial derivatives calculate the impact of a single input
feature on the output. The CHORD framework has been
described in detail in Section I. The UCI adult income [10]
dataset, which aims to predict whether a person will make less
than or equal to $50K per year (y = 0) or above $50K per
year (y = 0), is a multivariate dataset with 30,162 instances
(cleaned dataset) and 14 features. The neural network (M1)
for the UCI Adult Income dataset had 4 hidden layers (with
10 neurons each and having ReLU activation) and 1 output
(sigmoid activation). The UCI bank marketing dataset contains
data for marketing campaigns based on phone calls, and the
target was to assess whether a client would subscribe to a term
deposit (yes or y = 1) or not (no or y = 0). The related neural
network (M1) had 5 hidden layers (with 10 neurons each and
having ReLU activation) and 1 output (sigmoid activation).

As shown in Table I, the performance metrics for the
neural networks are quite moderate (concerning the chosen
architectures designed to gain good performance, overall).

TABLE I: Performance Metrics of the chosen Datasets

Dataset Accuracy of M1 Recall of M1 F1 score
of M1

UCI adult
income dataset

80.7% 76.3% 0.662

UCI Bank Mar-
keting dataset

84.1% 55.3% 0.441

Some conditions were put in place to properly study
the counterfactual examples, based on first-order sensitivity
analysis and second-order sensitivity analysis. The combina-
tion of the first-order sensitivity analysis and counterfactuals
was studied by increasing/decreasing the concerned feature
(with the highest positive/negative first-order partial derivative)
up/down to 3 times the magnitude of the original feature to
observe the switching of the output. Any impactful features
with a value of zero have not been included in the experiments,
as they could not be increased or decreased. In addition, any
rows where no change in the output could be achieved (within
the limits of the experiments) have been excluded. Therefore,
only those rows where a change in the output (counterfac-
tuals) did occur via the experiments have been considered.
Also, concerning second-order sensitivity analysis, any feature
interaction of a feature with itself has been excluded, as that



TABLE II: Most Impactful Features, concerning both First-
Order Positive and Negative Partial Derivatives

Dataset Top Feature
(1st Order
analysis
based on
+ve partial
derivatives)

Top Feature
(2nd Order
analysis
based
on +ve
1st order
partial
derivatives)

Top
Feature
(1st
Order
analysis
based
on −ve
partial
deriva-
tives)

Top Feature
(2nd Order
analysis
based on
−ve 1st
order partial
derivatives)

UCI
adult
in-
come
dataset

capital gain education sex capital gain

UCI
Bank
Mar-
keting
dataset

euribor3m pdays pdays poutcome

TABLE III: Average Values of the Most Impactful Feature
(from 1st Order Sensitivity Analysis) required to Switch the
Output for the UCI Adult Income Dataset Before and After
Changing the value of the Most Impactful Feature (from 2nd
Order Sensitivity Analysis) by 1% and 5%

Type
of 1st
Order
Partial
Deriva-
tive

Avg Value
before applying
2nd Order
Sensitivity
Analysis

Avg Value af-
ter applying 2nd
Order Sensitiv-
ity Analysis (1
% change)

Avg Value af-
ter applying 2nd
Order Sensitiv-
ity Analysis (5
% change)

+ve 21% 17.6% 17.5%
−ve 15.3% 12.3% 12.4%

would have greatly expanded the experiments. This will be
researched in the future.

Then, according to Figure 1, these experiments were ex-
tended to include second-order partial derivatives, as discussed
in Subsection III-A. According to Table II, concerning the
interaction of the features for the adult income dataset, based
on the first-order and second-order partial derivatives, it can
be said that capital_gain and education have a syn-
ergistic relationship. This means that the higher the level
of education, the more responsive the predicted income is
to capital gains. Second, the dampening effect of both sex
and capital_gain shows that the neural network relies
less on the sex or gender feature to differentiate between
outcomes when capital gains are already high. Concerning
the bank marketing dataset, a reinforcing relationship between
euribor3m (three-month Euribor rate, related to the loaning
strength of banks) and pdays (number of days since last
contact with a customer) shows that this euribor3m has a
positive influence on the output if the customer has not been
contacted recently. poutcome stands for the outcome of the
previous calling campaign. The relationship between pdays
and poutcome shows that if the outcome of a previous
calling campaign was successful, the customer will most likely
sign up for the subscription, regardless of the number of days

TABLE IV: Average Values of the Most Impactful Feature
(from 1st Order Sensitivity Analysis) required to Switch the
Output for the UCI Bank Marketing Dataset Before and After
Changing the value of the Most Impactful Feature (from 2nd
Order Sensitivity Analysis) by 1% and 5%

Type
of 1st
Order
Partial
Deriva-
tive

Avg Value
before applying
2nd Order
Sensitivity
Analysis

Avg Value af-
ter applying 2nd
Order Sensitiv-
ity Analysis (1
% change)

Avg Value af-
ter applying 2nd
Order Sensitiv-
ity Analysis (5
% change)

+ve 12.2% 8.6% 8.64%
−ve 28.3% 24.9% 25.6%

since the last contact.
According to Tables III and IV, it can be seen that with the

change in the most impactful feature (from the second-order
sensitivity analysis), the switch in the output is achieved at a
lower average value of the most important feature from the
first-order sensitivity analysis as compared to not applying the
second-order sensitivity analysis. This shows the significance
of the feature (from the second-order sensitivity analysis) in
affecting the output while it interacts with the feature (from the
first-order sensitivity analysis). Hence, it can be observed that a
better understanding of counterfactuals is grounded in a proper
understanding of the feature interactions based on higher-order
partial derivatives. A number of histograms (Figure 2) have
been included in subsection III-A to elaborate this further.

A. Further Experiments on the Second-Order Sensitivity Anal-
ysis

For the mentioned datasets, the experiments were extended
towards second-order sensitivity analysis or feature interac-
tions. Hessian matrices were generated against every row
of the dataset. Hence, a 14 × 14 matrix was generated for
each row of the UCI Adult Income Dataset, as the total
number of features is 14. For the UCI bank marketing dataset,
the generated hessian matrices for each row were of the
dimensions, 19 × 19. In every row of each dataset, changes
were made in the features with the highest value of the second-
order partial derivative against the most impactful feature
(having the highest value of the first-order partial derivative
found via first-order sensitivity analysis). For this experiment,
the feature (with the highest second-order partial derivative)
was changed by 1% and 5% to observe whether the feature
(with the highest first-order partial derivative) could switch the
output at a lower percentage change in itself.

Figure 2 shows the histograms of the percentage change
in the most impactful feature (first-order sensitivity analysis)
required for switching the output when a change of 1% was
made in the most impactful feature (based on second-order
sensitivity analysis) for every row of the data. Concerning
the positive first-order positive partial derivatives, in Figures
2e and 2f (bank marketing dataset) and Figures 2a and 2b
(adult income dataset), it can be observed that there is a
clear left shift in the values of percentage change in the most
impactful feature, which shows that a small amount of change



(a) Histogram of Percentage Change in the most Impactful Feature
before Second-Order Sensitivity Analysis (Adult Income Dataset) -
+ve 1st Order Partial Derivatives

(b) Histogram of Percentage Change in the most Impactful Feature
after Second-Order Sensitivity Analysis (Adult Income Dataset) -
Change of 1% - +ve 1st Order Partial Derivatives

(c) Histogram of Percentage Change in the most Impactful Feature
before Second-Order Sensitivity Analysis (Adult Income Dataset) -
−ve 1st Order Partial Derivatives

(d) Histogram of Percentage Change in the most Impactful Feature
after Second-Order Sensitivity Analysis (Adult Income Dataset) -
Change of 1% - −ve 1st Order Partial Derivatives

(e) Histogram of Percentage Change in the most Impactful Feature
before Second-Order Sensitivity Analysis (Bank Marketing Dataset)
- +ve 1st Order Partial Derivatives

(f) Histogram of Percentage Change in the most Impactful Feature
after Second-Order Sensitivity Analysis (Bank Marketing Dataset)
- Change of 1% - +ve 1st Order Partial Derivatives

(g) Histogram of Percentage Change in the most Impactful Feature
before Second-Order Sensitivity Analysis (Bank Marketing Dataset)
- −ve 1st Order Partial Derivatives

(h) Histogram of Percentage Change in the most Impactful Feature
after Second-Order Sensitivity Analysis (Bank Marketing Dataset)
- Change of 1% - −ve 1st Order Partial Derivatives

Fig. 2: Results of the 2nd Order Sensitivity Analysis



in the feature (with the highest first-order partial derivative)
was required to switch the output (given a small increase in
the most impactful feature from the second-order sensitivity
analysis).

The same trend can be seen for the negative first-order par-
tial derivatives (Figures 2c and 2d (adult income dataset) and
Figures 2g and 2h (bank marketing dataset)). The summarized
results for the change of 5% are present in Tables III and IV
and reflect almost the same trend. In some cases like in Figure
2f, a clear left shift in the bars might not be visible but it can
be seen that many values of percentage change in the most
impactful feature (from first-order sensitivity analysis) have
shifted to lower values for switching the output. Hence, the
bars have grown a bit higher and wider. This clearly indicates
that understanding feature interactions and their connection
to counterfactual examples (through comparative analysis)
can lead to a better understanding of the granularity of the
functioning of neural networks. This also shows a directed
approach where only a small number of features need to be
changed together to get a desired output.

IV. CONCLUSION AND FUTURE WORKS

In this study, a novel XAI framework named Counterfac-
tuals for Higher-Order Relational Derivatives (CHORD) is
presented and discussed. By applying CHORD to the UCI
Adult Income and Bank Marketing datasets, it was found
that as sensitivity analysis produces a measurable causal
analysis of counterfactual examples, better actionable insights
are produced. One of the clear conclusions is that with
a small increase in the most impactful feature (based on
sensitivity analysis from second-order partial derivatives), a
lower value of the most impactful feature (based on first-order
partial derivatives) is required to switch the output. However,
further experiments are required to understand how CHORD
can be developed further for high-dimensional or multimodal
models and investigating counterfactual feasibility under real-
world constraints (like immutable attributes, correlated socio-
economic variables, etc.). In addition, this research can be
steered towards understanding adversarial attacks in neural
networks. CHORD will be further developed to help under-
stand mechanistic interpretability, especially in the study of
polysemanticity.
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